Introduction
Let X be a 2n−dimensional smooth manifold. A 2−form ω on X is said to be non-degenerate if, for each q ∈ X and for each nonzero vector v in the tangent space T q X, there is a tangent vector v ∈ T q X such that ω(u, v) = 0. A symplectic structure on X is a non-degenerate closed 2−form. The fundamental example of a symplectic structure is ω 0 = i dx i ∧ dy i on R 2n = {(x 1 , y 1 , ..., x n , y n )}. In fact, by the Darboux Theorem, every symplectic structure is locally like (R 2n , ω 0 ).
Symplectic structures first appeared in Hamiltonian mechanics. A Kähler form on a complex manifold is symplectic, thus we also find a rich source of symplectic manifolds in algebraic geometry. Thirty years ago people even wondered whether there are closed non-Kähler symplectic manifolds. We have now gradually realized that the world of Kähler manifolds only occupies a tiny part of the symplectic world (see [27] , [66] and the references therein).
Two of the basic questions about symplectic structures are (see [59] ): 1. Which smooth manifolds support symplectic structures? 2. How many symplectic structures, up to appropriate equivalence, are there on a given smooth manifold? In this survey we focus on the second question for closed smooth 4−manifolds (for the first question in dimension 4 see [41] ).
In section 2 we review some fundamental facts about symplectic structures. In section 3 we survey what is known about the space of symplectic structures in dimension 4. In the case of b + = 1 we have a rather good understanding. Especially, for a rational or ruled manifold, there is the deep uniqueness result that a symplectic form is determined by its cohomology class up to diffeomorphisms. We further give a simple description of the moduli spaces for such a manifold. We also point out various possible extensions to the case b + > 1. In section 4 we compare the space of symplectic forms and the space of Kähler manifolds on a manifold admitting a Kähler structure. As a by product we describe an example of non-holomorphic Lefschetz fibration on a Kähler surface.
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Symplectic structures
In this section X is a smooth, oriented, closed 2n−dimensional manifold.
2.1. Three spaces: Ω(X), M X ,Ω(X). It is easy to see that a 2−form ω on X is non-degenerate if and only if ω n is a volume form on X. Thus a nondegenerate form on X determines an orientation of X. If this orientation agrees with the given one, we say that ω is orientation−compatible.
Definition 2.1. Let Ω(X) denote the space of orientation−compatible symplectic forms on X.
Ω(X) is invariant under scaling by a positive scalar, i.e. if ω ∈ Ω(X), then R + ω ⊂ Ω(X). Moreover, R − ω ⊂ Ω(X) if n is even.
Since the non-degeneracy condition is an open condition and X is compact, we see that, for any ω ∈ Ω(X) and a sufficiently small closed 2−form η, the closed form ω + η is still non-degenerate. Thus Ω(X) is an open submanifold of the space of closed 2−forms. In fact, we have Lemma 2.2. For every ω ∈ Ω(X), Ω(X) contains a convex neighborhood of ω in the space of closed 2−forms.
Proof. Choose a Riemannian metric g on X and use it to identify T * X and T X. Now each closed 2−form η is viewed as an endomorphism L η of the inner product bundle T X and η is symplectic if and only if L η is an automorphism. Let L η be the operator norm of L η , which is defined by L η = min |u|=1 |L η (u)|.
Define also the radius of L η to be
Since X is compact both L η and r(L η ) are finite. Moreover,
For each ω ∈ Ω(X) let U ω be the ball in the space of closed 2−forms,
It follows from the second inequality of (1) that for η 1 and η 2 in U ω , we have
Hence U ω is convex, and by the first inequality of (1) we have U ω ⊂ Ω(X).
Let Diff + (X) be the group of orientation−preserving diffeomorphisms of X. Then Ω(X) is acted upon by Diff + (X). As Ω(X) is an open subset of an infinite dimensional vector space, a connected component is also path connected. ThusΩ(X) is the same as the set of path connected components of Ω(X) up to the action of Diff + (X). In some sense, its cardinality is the number of symplectic structures on X.
Sometimes we will consider the reduced moduli space M r X , which is the quotient of the moduli space by the R + action.
2.2.
Cohomological invariants of symplectic structures. Since ω is closed and ω n is a volume form, ω represents a nonzero class in H 2 (X; R). In particular, the second Betti number of X is nonzero. Moreover, in dimension 4, we must have b + ≥ 1 by the orientation-compatible assumption.
Recall that an almost complex structure on X is an endomorphism J on the tangent bundle T X such that J 2 = −1. And an almost complex structure J is said to be compatible with ω if, for any q ∈ X and u, v = 0 ∈ T q X, ω(Ju, Jv) = ω(u, v) and ω(u, Ju) > 0. The space of ω−compatible almost complex structures is non-empty and contractible. Thus we can define the symplectic Chern classes c i (X, ω) = c i (X, J), where J is any ω−compatible almost complex structures. Thus there are two basic cohomological invariants of ω:
Here s stands for symplectic and c stands for Chern.
Definition 2.5. The image s(Ω(X)) ⊂ H 2 (X; R) is called the symplectic cone of X, and is denoted by
Notice that Ω(X), M X ,Ω(X), C X , K(X) are all differentiable invariants of X. Notice also that, if 2n is divisible by 4 and K ∈ K(X), then −K is also in K(X). This is because K −ω = −K ω , and, in such a dimension, if ω is orientation-compatible then −ω is also orientation-compatible.
For each α ∈ C X , let Ω α (X) = s −1 (α) be the space of symplectic forms with cohomology class α. For α = β, Ω α (X) is in general not homotopic to Ω β (X), so the map s : Ω(X) → C X is not a fibration. Nevertheless, non-trivial topology of C X can sometimes be used to detect that of Ω(X). A typical situation is the following: suppose ω u is a family of symplectic forms parameterized by a sphere and the associated family [ω u ] represents a nonzero element of the homotopy groups of C X , then so does ω u .
For each K ∈ K(X), let Ω(X, K) = c −1 (K) = {ω ∈ Ω(X)|K ω = K} and C (X,K) = s(Ω(X, K)). Then Ω(X) is partitioned into the disjoint union of Ω(X, K) over K ∈ K(X), and likewise C X is the union of C(X, K) over K ∈ K(X) (not necessarily disjoint). C (X,K) is called the K−symplectic cone of X. It is an analogue of the Kähler cones, but it is not clear that each of its connected components is a convex cone (as the sum of two symplectic forms may not be symplectic), though it is a union of rays.
Let D(X) be the image of the group homomorphism
Since K φ * ω = φ * K ω for any φ ∈Diff + (X), D(X) acts on K(X), and we have a commutative diagram 
The following Moser stability is a fundamental result. Theorem 2.8. If X is closed and ω t , t ∈ [0, 1], is a smooth family of cohomologous symplectic forms on X, then there is a smooth isotopy ψ t of X such that ψ * t ω t = ω 0 . It follows from the Moser stability that isotopic forms are also strongly isotopic when X is closed (this is definitely not the case when X is not closed). If we let Diff 0 (X) denote the group of diffeomorphisms isotopic to the identity, then the Moser stability is equivalent to that Diff 0 (X) acts transitively on each connected component (same as path connected here) of
The associated homotopy long exact sequence to the corresponding bundle
can then be used to analyze the topology of Ω [ω] (X, ω) in terms of that of Symp(M, ω), and vice versa.
2.4.
Manifold structure on M X . Another consequence of the Moser stability is the existence of a manifold structure on M X . LetM X = Ω(X)/Diff 0 (X). Then s descends to a maps :M X → H 2 (X; R).
Lemma 2.9.s is a local homeomorphism.
is an invariant open set of Ω(X) for the action of Diff 0 (X). LetŨ ω be the corresponding quotient, which is an open subset ofM X . Since U ω is convex all cohomologous symplectic forms in U ω are on the same orbit of Diff 0 (X). Thuss is a homeomorphism fromŨ ω to the open set s(U ω ) ⊂ H 2 (X; R).
Let Γ(X) =Diff + (X)/Diff 0 (X) be the mapping class group of X. Then M X is the discrete quotientM X /Γ(X). 2.5. Dimensions other than 4. For a closed oriented 2−manifold Σ,Ω(Σ) has only one point. Moreover, two cohomologous symplectic forms which are deformation equivalent are isotopic, and hence strongly isotopic. Therefore M Σ is homeomorphic to R + .
In dimensions higher than 4, pseudo-holomorphic curves techniques introduced in [19] have been used to distinguish symplectic structures.
Ruan ([68] ) constructed examples of manifolds in dimension 6 and above withΩ infinite by demonstrating that |K| being infinite. There are also cohomologous forms with distinct symplectic canonical classes in dimension 6 and above ( [70] ).
McDuff [55] constructed examples of cohomologous symplectic forms which are deformation equivalent but not isotopic in dimension 6 and above. There are even such forms which are not symplectomorphic in dimension 8 and above.
Suppose that ω t and ω ′ t are two families of symplectic forms on X such that ω 0 = ω ′ 0 and ω t is cohomologous to ω ′ t for all t ∈ [0, 1]. Then by the existence of a convex neighborhood of ω 0 = ω ′ 0 there is some ǫ > 0 and an isotopy ψ t such that ψ * t ω ′ t = ω t for 0 ≤ t ≤ ǫ. However, for the examples of X in [55] there are ω t and ω ′ t where one can take ǫ to be any number less than 1 but not equal to 1. In fact, ω 1 and ω ′ 1 are not even symplectomorphic. In particular, for such an X, the moduli space M X is not Hausdorff as pointed out by the referee.
There are no such examples known in dimension 4.
Space of symplectic structures on 4-manifolds
In this section X is a smooth, closed, oriented 4−manifold with Ω(X) nonempty. We would like to emphasize that we do not fix a symplectic structure on X. Instead we are interested in the space Ω(X). From this point of view, we need to introduce the notions of minimality and the Kodaira dimension for the manifold X itself (rather for a pair (X, ω)).
Minimality and the Kodaira dimension κ.
Definition 3.1. Let E X be the set of cohomology classes whose Poincaré dual are represented by smoothly embedded spheres of self-intersection −1.
X is said to be (smoothly) minimal if E X is the empty set.
Equivalently, X is minimal if it is not the connected sum of another manifold with CP 2 . We say that Y is minimal model of X if Y is a minimal and X is the connected sum of Y and a number of CP 2 .
We also recall the notion of minimality for a pair (X, ω) with ω ∈ Ω(X). (X, ω) is said to be (symplectically) minimal if E ω is the empty set, where
Here is a relevant and important fact:
then Ω(Y ) is non-empty if and only if Ω(Z)
is non-empty.
The if part is the easier part: it follows from the symplectic blow-up construction. The only if part relies on the symplectic blow-down construction and the following result (see [75] , [43] , [40] ): For any ω ∈ Ω(X), E ω is empty if and only if E X is empty.
A rational 4−manifold is S 2 × S 2 or CP 2 #kCP 2 for some non-negative integer k. A ruled 4−manifold is the connected sum of a number of (possibly zero) CP 2 with an S 2 −bundle over a Riemann surface. A rational or a ruled manifold admits Kähler structure and hence symplectic structures.
Otherwise, first suppose X is minimal. Then the Kodaira dimension κ of X is defined in terms of K(X) as follows: 
2).
For the notion of the Kodaira dimension κ(X, ω) for a pair (X, ω), see [35] , [58] , [38] . It is shown in [38] that κ(X, ω) only depends on the oriented diffeomorphism type of X. This fact implies that κ(X) in Definition 3.3 is independent of the choice of K ∈ K(X), and hence well-defined.
Finally we mention that it is also useful to consider, for K ∈ K(X), the following subset of E X ,
Finiteness ofΩ(X) andK(X). Question 3.4. IsΩ(X) finite for every X?
This question asks whether there are only finite number of symplectic structures up to deformations and diffeomorphisms. For complex structures, the corresponding finiteness is true (see [23] ). We can answer this question affirmatively only for manifolds with κ = −∞.
Theorem 3.5. If κ(X) = −∞, thenΩ(X) has only one element, i.e. Diff + (X) acts transitively on the connected components of Ω(X).
This is a consequence of several deep results. One key point why such a classification is possible is the existence of embedded spheres with nonnegative self-intersections when κ(X) = −∞. See [50] for an excellent account in the case of CP 2 and S 2 −bundles. For the non-minimal ones, the additional inputs are Theorems 3.7 and 3.2.
In view of Lemma 2.7, the weaker question whetherK(X) is finite is important regarding Question 3.4. This question was first answered when b + > 1. In this case, it is shown in [75] that every K ∈ K(X) is a SeibergWitten basic class. Together with the finiteness of Seiberg-Witten basic classes in [82] , we have
The case of b + = 1 was later handled in [45] .
has at most two elements. And if X has κ = −∞, thenK(X) is a one point set. Moreover, if X is minimal, then K(X) has at most two elements.
As an immediate consequence of the two theorems above, we have,
Some remarks are in order now. The finiteness actually does not hold for K(X): If κ(X) = −∞ and b − (X) ≥ 2, then K(X) is an infinite set. If κ(X) = 0, thenK(X) is a one point set, and if X is also minimal, i.e. there is a torsion element K in K(X), then K(X) itself is a one point set (see [58] , [38] ). In the case b + = 1, there are examples of minimal manifolds with K(X) = K(X) having two elements (see [31] for such an example due to Mostow rigidity). When b + > 1, McMullen and Taubes ([60] ) constructed X withK(X)/± > 1, i.e. more than one symplectic canonical classes up to sign and diffeomorphisms (see [72] , [34] , [78] for more such examples).
Finally we state a speculation, Speculation 3.9.K(X) has at most 2 b + elements.
For a 4−manifold X with no embedded tori of self-intersection zero, this was raised in [25] . For the general case see the discussion in [41] .
3.3. The symplectic cone C X and the K−symplectic cone C (X,K) . Definition 3.10. The positive cone of X is
By the orientation-compatible condition, the symplectic cone C X is contained in the positive cone P X . It is easy to see that the positive cone is [44] ). A winding family of symplectic forms is an S b + −1 family of symplectic forms which represents a generator of π b + −1 (P X ) ( [44] ). As previously remarked, such a family would also represent a nonzero element in π b + −1 (Ω(X)). Every known manifold of κ = 0 carries such a family ( [38] ).
For manifolds with b + = 1, the symplectic cone has been completely determined in [45] . Notice that in this case P X has two path connected components. We start with the K−symplectic cones. Theorem 3.11. Let X be a 4-manifold with b + = 1 and K ∈ K(X).
(
is contained in one of the components of P X , denoted by P (X,K) . Moreover,
is one connected component of the positive cone if X is minimal and K is not a torsion class.
For the so called class C manifolds including 4−manifolds with b + = 1, b 1 = 0 and the ruled manifolds, a slightly weaker version of Theorem 3.11 appeared in [6] and [54] (see also [30] for some partial results on S 1 −equivariant symplectic cones on rational manifolds). One main technique in proving Theorem 3.11 is the following inflation process first appeared in [49] (see also [51] ): if ω ∈ Ω(X) and C ⊂ (X, ω) is an embedded symplectic surface with C ·C ≥ 0, then there exists a closed 2−form ρ such that for every t > 0, the form ω t = ω + tρ is in Ω(X). In the case b + = 1, the inflation is very effective as there are always infinitely many embedded symplectic surfaces from Taubes' SW⇒Gr, together with the SW wall crossing formula in [33] , [46] , [65] , [67] . We remark that the idea to use the inflation procedure in order to construct 'new' symplectic forms on 4-manifolds by using symplectic curves first appeared in [6] and [7] .
For the symplectic cone itself, we have Theorem 3.12. If X has b + = 1, then
In particular, C X is the positive cone if X is minimal.
Thus the explicit description of C X is reduced to the knowledge of E X . In general E X is easy to describe, and the difficult case of a rational manifold has been solved in [36] .
For manifolds with b + > 1, we have the following constraint ( [75] ).
Theorem 3.13. Let X be a 4−manifold with b + > 1 and ω ∈ Ω(X). Then ±K ω is a SW basic class, and for any SW basic class
It follows from (3) and part 5 of Theorem 3.11 that we have Corollary 3.14. For any X and K = K ′ ∈ K(X), C (X,K) and C (X,K ′ ) are disjoint.
In [45] we speculated that (3) is an equality. A counterexample was constructed in [79] . However it is still possible that (3) is an equality with SW basic classes replaced by SW monopole classes, as Theorem 3.13 is still valid for SW monopole classes and the new obstruction in [79] may actually come from a SW monopole class. Here a class B ∈ H 2 (X; Z) is said to be a SW monopole class if the SW moduli space for a corresponding Spin c structure is non-empty for any pair of a metric and a 2−form on X.
There are very few cases where the symplectic cone has been completely determined when b + > 1. For orientable torus bundles over torus, it is shown in [26] that the symplectic cone is the positive cone. For Kähler surfaces see the discussion in section 4.
If we can answer affirmatively the following question, then we would be able to determine the symplectic cone of a manifold in terms of its minimal model. Question 3.15. Suppose X has b + > 1, β ∈ C X and e is a generator of H 2 (CP 2 ; Z).
(1) Is β − λe in C X#CP 2 for every nonzero scalar λ with λ 2 < β 2 ?
(2) More generally, if e 1 , ..., e k are generators of
for every {λ i } with λ i = 0 and i λ 2 i < β 2 ? Notice that, in the case b + = 1 and κ(X) = −∞, an affirmative answer is provided by Theorem 3.12 (see also [7] ).
This question is closely related to the symplectic packing problem (see [57] ). In fact, if there is an ω ∈ Ω(X) such that β = [ω] and (X, ω) has a full packing by one standard symplectic ball, then part 1 is true. We can also answer part 1 in the following situation: β = [ω] integral and β 2 = 1, and there is an embedded surface C ⊂ X, symplectic respect to ω and representing the Poincaré dual of [ω] . To see this, consider a small blow up around a point in C to get a symplectic formω on X#CP 2 . The point is that we can construct the proper transform of the ω−symplectic surface C, which is anω−symplectic surfaceC Poincaré dual to β − e (see [62] ). Sincẽ C has self-intersection zero, we can apply the inflation to get symplectic forms whose classes are arbitrarily close to PD(C) =ω − e. Since [ω] can be chosen to be arbitrarily close to β = [ω], we are done. This is just a special case of the the following more general result, which is a consequence of the main result in [5] (see also [4] ) proved using the symplectic packing of symplectic ruled surfaces. 
This theorem can also be seen as an application of the normal connected sum construction in [27] , [61] : summing X with a non-minimal ruled manifold. In fact the same is true for the inflation process. We will encounter another such application to constructing symplectic forms in the next section.
Cohomologous symplectic forms.
Having determined the image of the map s : Ω X −→ H 2 (X; R) in the case b + = 1, we are also able to say something about its inverse image ( [54] , [45] ) by another application of the inflation process. The case of X = CP 2 #lCP 2 , l ≤ 6 was essentially proved in [8] . In terms of the map s, the result above can be interpreted as saying that, when restricted to a path connected component of Ω X , the inverse image of a point of s is path connected.
Seidel ([71] ) has shown that there are many symplectic manifolds (X, ω) such that Symp(X, ω)∩Diff 0 (X) is not connected. It then follows from the associated homotopy exact sequence of the corresponding fibration that π 1 (Ω [ω] (X, ω)) is non-trivial. Kronheimer ([32] ) further constructed directly higher dimensional non-trivial families of cohomologous symplectic forms arising form holomorphic rational curves with negative self-intersections. More precisely, for each positive integer n ≥ 2, a holomorphic rational curve with self-intersection −n in an algebraic surface sometimes gives rise to an S 2n−3 −family of cohomologous symplectic forms representing a non-trivial homology class in degree 2n − 3. For n = 1, such an example arises from a 2−disc family of quartics X t in CP 3 with X t smooth when t = 0 and X 0 singular with a single ordinary double-point. The boundary S 1 −family of smooth quartics is smoothly trivial as the minimal resolution of the nodal quartic is again the K3 surface (with an exceptional holomorphic rational −2 curve). The non-trivial S 1 −family of symplectic forms on the K3 surface then is simply the restriction of the Fubini-Study form on CP 3 . We remark that all the families of symplectic forms in [32] are null-homologous in Ω(X).
By Theorem 3.5 and Theorem 3.17, we have Thus, for such an X, if Diff(X, [ω] ) is the subgroup of Diff + (X) preserving the class [ω], then
The group Symp(X, ω) has been extensively studied in [1] , [2] . In particular, consider the case X = S 2 ×S 2 , and ω λ a product form (1+λ)σ 0 ×σ 0 with λ > 0 2 . For an odd integer l ≥ 1, the associated homotopy long exact sequence to the corresponding fibre bundle is used in [2] to identify a generator of the (2l − 2)−th homotopy group of Symp(X, ω l ) with Kronheimer's non-trivial (2l − 1)−dimensional family in Ω [ω l ] (X) associated to the unique −(l + 1) rational curve in the Hirzebruch 3 surface F l+1 . There is a similar picture for the non-trivial S 2 −bundle CP 2 #CP 2 .
We would like to point out that Theorem 3.18 may play an important role understanding symplectic 6-manifolds ( [47] ). We give two examples here. 2 In this case Symp(X, ω λ ) is shown to be connected in [2] , thus agreeing with Symp(X, ω λ )∩Diff 0 (X). Notice also that in this case Diff(X, [ω]) agrees with the subgroup of Diff + (X) acting trivially on the homology of X. 3 F l+1 is diffeomorphic to S 2 × S 2 , and ω l is a Kähler form on F l+1 .
The first is a simple characterization of a symplectic blowup at a point: A symplectic 6−manifold (N, ω) is a symplectic blowup of another symplectic 6-manifold at a point if and only if it contains an embedded symplectic 4-manifold (X, η) such that X is diffeomorphic to CP 2 and has normal bundle O(−1). The second provides a way to recognize a uniruled 6-manifold: If a symplectic 6-manifold (N, ω) contains an embedded symplectic 4-manifold (X, η) such that κ(X) = −∞ and X has trivial normal bundle, then (N, ω) is uniruled. Here (N, ω) is said to be uniruled if there is a non-trivial one point genus zero GW invariant 4 .
3.5. Ω(X) and the moduli space M X . We have the following simple description of M X in the case of b + = 1. In particular, if X is minimal, then M X consists
Proof. Pick a connected component Ω 0 (X) of Ω(X) with symplectic canonical class K. We first consider the action of Diff 0 (X) on Ω 0 (X). By Theorem 3.17, each inverse image of s : Ω 0 (X) → s(Ω 0 (X)) is an orbit of Diff 0 (X). Together with part 4 of Theorem 3.11, we have
Now let EΩ(X) be the orbit of Ω 0 (X) under the action of Diff + (X). There are |Ω(X)| number of such orbits by the definition ofΩ(X).
Let us first assume thatK(X) is a one point set. It suffices to show that EΩ(X) gives rise to a copy of C X /D(X). Since Diff + (X) acts transitively on K(X), we have, by the preceding discussion,
Now we are done with this case as the quotient group Diff + (X)/Diff 0 (X) acts on C X ⊂ H 2 (X; R) via D(X).
By Theorem 3.7, the remaining case is when there are two elements in K(X) represented by K and −K. If ω is in an orbit EΩ(X), then there is a distinct orbit E ′ Ω(X) containing −ω. The argument above then shows that,
The last statement now follows from part 3 of Theorem 3.11.
In particular, by Theorem 3.5, we have
In this case D(X) has been explicitly determined in [22] , [36] and [37] 5 . For CP 2 , the reduced moduli space is just a point. For a minimal ruled surface other than S 2 × S 2 , the reduced moduli space is an open interval, while for S 2 × S 2 it is a half-open interval because of the diffeomorphism interchanging the factors. A natural question is whether there is a partial geometric compactification of M r X . We expect that it is given by forms degenerate along spheres of self-intersections 0 or 1 with canonical local models.
Finally we would like to mention two instances where certain 'geometric' symplectic forms can be determined up to isotopy.
Firstly, let π : X −→ B be a fibration with B an oriented surface. ω ∈ Ω(X) is said to be π−compatible if all the fibers are ω−symplectic surfaces. It is shown in [54] all such forms are deformation equivalent. Furthermore, when X = F × B with g(F ) ≥ 1, if ω is π−compatible and cohomologous to a product form with the ratio between the ω−area of B and the ω−area of F being at most g(B)−1 g(F )−1 , then ω is isotopic to a split form. Secondly, if X has a free circle action, then it is shown in [29] that the space of invariant symplectic forms is homotopic equivalent to a subspace of non-degenerate 1−forms on the quotient 3−manifold 6 . A particular interesting case is, for the linear action on the 4−torus, this space is connected and simply connected, and every invariant form is isotopic to a constant coefficient form. Moreover, for certain cohomology classes α, Ω α (X) is shown to be homotopic to a circle.
Symplectic forms versus Kähler forms
Recall that a triple (ω, J, g) on a smooth manifold X is called a Kähler structure if ω is a symplectic form, J is a complex structure, g is a Riemannian metric such that g(u, v) = ω(u, Jv). There are 4−manifolds admitting complex structures but not admitting Kähler structures, e.g. S 3 × S 1 . A deep result is that any complex surface admits a Kähler structure if and only if the first Betti number is even (see [12] ). For the analogous question when a 4-manifold admitting a symplectic structure also admits a Kähler structure, it has a negative answer for κ = 1, 2: There are many symplectic 4-manifolds with even b 1 (or b 1 = 0) admitting no Kaehler structure (see [27] ). It does have a positive answer in the case κ = −∞ (see [42] ). We might be able to answer this question completely in the case of κ = 0 as well (see [38] ). This question can also be approached in terms of Lefschetz fibration structures. The existence of such a structure essentially characterizes symplectic structures in dimension 4 (see [15] , [28] ). It is shown in [74] that all genus 2 Lefschetz fibrations with only irreducible singular fibers 7 5 It is also worth to mention that D(X) is finite when X is of b + = 1 and Kodaira dimension 2 (see [45] ).
6 By [21] , X/S 1 is a fibred 3−manifold. 7 the irreducibility condition is necessary by [64] . and transitive monodromy admit Kähler structures. A recent result in [3] says that, after stably summing sufficiently number of holomorphic Lefschetz fibrations, all Lefschetz fibrations admit Kähler structures.
From now on in this section, X is a closed, smooth, oriented 4−manifold admitting a Kähler structure. We will compare the spaces of symplectic structures and Kähler structures on X.
4.1.
Towards a symplectic Nakai-Moishezon criterion. Let C J be the Kähler cone of the complex surface (X, J) and K J be the canonical class. We will call a complex surface (X, J) a Kähler surface if C J is non-empty. Let J . The Kähler Nakai-Moishezon criterion in [11] asserts that, for a complex surface (X, J)
8 with C J = ∅,
J | e(C) > 0 for any holomorphic curve C with C · C < 0}. Thus each holomorphic curve C with C · C < 0 determines a face of the Kähler cone. Since such a curve in a minimal Kähler surface would disappear after deforming the complex structure to a generic nearby almost complex structure, the following question was raised in [4] and [6] . We have recently made some progress towards Question 4.1 in [48] . More precisely, the following result is proved using the normal connected sum construction. To apply such a construction to Question 4.1 we need to turn holomorphic curves into embedded symplectic surfaces. It is shown in [55] that any irreducible simple pseudo-holomorphic curve can be perturbed to a pseudoholomorphic immersion, possibly after a C 1 -small change in the almost complex structure. We show how to further perturb such an immersion to an embedding, which is J ′ -holomorphic for an almost complex structure arbitrarily C 1 -close to J. Consequently, we have In addition, for a minimal surface of general type, the canonical class K J is shown to be in the symplectic cone in [73] , [13] For manifolds with κ = −∞, by Theorem 3.19, a positive answer to this question would imply that every symplectic form is Kähler in this case. It is also worth mentioning that, as first observed in [57] , a positive answer for all rational manifolds would imply the following longstanding Nagata conjecture ( [63] ) on the minimal possible degree of a plane curve with prescribed singularities.
Conjecture 4.7. Let p 1 , ..., p l ∈ CP 2 be l ≥ 9 very general points. Then for every holomorphic curve C ⊂ CP 2 the following inequality holds:
If we let h denote the hyperplane class of CP 2 and e 1 , ..., e k denote the Poincaré dual to the the exceptional divisors. Then, via the Kähler NakaiMoishezon criterion, the Nagata conjecture is the same as saying that the class
with α 2 = 0 is in the closure of the Kähler cone for a generic blowup (See [57] , [9] and [4] for more extensive discussions). Notice that α is in the closure of the symplectic cone by Theorem 3.16. For a minimal ruled manifold other than S 2 × S 2 , any complex structure J arising from a stable rank 2 bundle is symplectic generic (see [56] ). For rational manifolds with b − ≤ 8, any Fano complex structure is symplectic generic (see [69] ). More generally, for rational manifolds with b − ≤ 9, consider the notion of good generic surfaces (see e.g. [22] ). A good generic surface (X, J) is an algebraic surface such that the anti-canonical divisor −K J is effective and smooth, and that any smooth rational curve has selfintersection no less than −1. All such surfaces are rational surfaces, and for each positive integer l, CP 2 #lCP 2 admits such a structure. For such a surface, the Kähler cone is a nice subcone of the K J −symplectic cone (see [36] ),
When l ≤ 9, K J · K J ≥ 0, therefore, the condition e · (−K J ) > 0 is automatically satisfied for any e in the K J −symplectic cone. For related results on Kähler 3−folds with p g = 0 see [69] , [70] and [81] .
4.3.
The case p g > 0. If X underlies a minimal Kähler surface with p g > 0, then all complex structures J on X give rise to the same set {K J , −K J } by [82] . For our purpose we will denote this set by {K X , −K X }. Let P 0 = P be the cone of classes of positive squares, and P α = {e ∈ P|e · α > 0} for α = 0 ∈ H 2 (X; Z). The following question, raised in [45] , concerns the (full) symplectic cone of a Kähler surface. Question 4.9. If X underlies a minimal Kähler surface with p g > 0, ny Theorem 3.13, the symplectic cone C X is contained in
Notice that this question also makes sense in the case p g = 0. Since K 2 X ≥ 0, P K X ∪ P −K X coincides with P by the light cone lemma. In particular, the question has an affirmative answer in this case. This question is shown to have a positive answer for the product of the torus and a positive genus Riemann surface in [18] via the normal connected sum construction.
A related question, raised in [17] , is to compare the cohomology Kähler cone with the symplectic cone, where the cohomology Kähler cone is defined to be the union of Kähler cones over all complex structures. There is a nice answer to both these questions in the case of Kähler surfaces of Kodaira dimension zero. Proof. It suffices to show that the cohomology Kähler cone is the positive cone.
By the Kodaira classification of complex surfaces (see e.g. [12] ), X is either the 4-torus T 4 or the K3 surface, and each has b + = 3. One nice feature for such a manifold is the existence of a hyperkähler metric g. Such a metric induces a family of complex structures parameterized by the unit sphere of the imaginary quaternions and the corresponding family of Kähler forms. Denote this sphere by S 2 (g), and for each u ∈ S 2 (g), denote the corresponding Kähler form by ω u . The span F of the ω u is a 3−dimensional positive-definite subspace of H 2 (X; R) (with a basis given by {ω I , ω J , ω K }). Let F ⊥ be the orthogonal complement of F , then H 2 (X; R) = F ⊕ F ⊥ as b + = 3. The fact we need now is that H
In particular, each class of positive square e is in H 1,1 u for some u ∈ S 2 (g). By possibly switching u to −u, we can assume that e is in F H 1,1 u . In the case of T 4 , since there are no holomorphic curves of negative self-intersections for any complex structure, we conclude from the Kähler Nakai-Moishezon criterion that e is in the Kähler cone for u.
The same argument almost works for the K3 surface, except that there are rational curves with self-intersection −2 for some u. So one S 2 −family is not enough, and we will need to use all such S 2 −families. According to the surjectivity of the refined period map (see e.g. Theorem 14.1 in [12] ), we have Let Gr + e be the Grassmannian of positive-definite 2−planes which are orthogonal to e. Let ∆ e be the set of d with e · d = 0. For d ∈ ∆ e , the 2−planes in Gr + e which are orthogonal to d is a sub-Grassmannian. Since the complement of the countable union of these sub-Grassmannians over ∆ e is non-empty, e is Kähler by Lemma 4.11.
There has long been a speculation that any symplectic form is still Kähler in this case. Moreover, since the moduli space of complex structures is connected, the space of Kähler forms is also connected.
If every class of positive square of X is in a H
1,1
J subspace for a complex structure J, then the cohomology Kähler cone of X contains an open subset of the symplectic cone C X . The minimal Elliptic surfaces E(n) are likely to have this property. For a surface with such a property, if Question 4.1 can be answered positively, then its cohomology Kähler cone agrees with P K X ∪ P −K X . Consequently, for such a surface, Question 4.9 has a positive answer and every symplectic form is cohomologous to a Kähler form.
For minimal Kähler surfaces of general type with p g ≥ 1, it is observed in [17] that the cohomology Kähler cone is strictly smaller than the symplectic cone. On the one hand, by the Hodge index theorem, the cohomology Kähler cone of X is contained in the cone {e ∈ P|(e 2 )(K 2 X ) ≤ (e · K X ) 2 } ∪ RK X .
On the other hand, for a given complex structure J, if ω is a Kähler form and φ is a holomorphic 2−form, then τ s = ω + sReφ is a symplectic form for any s > 0 due to the pointwise orthogonality of (1, 1)−forms and (2, 0)−forms. But if s is large enough, then
2 )(K 2 X ), because K 2 X > 0. Therefore, for s large, the class [τ s ] is in the symplectic cone, but not in the cohomology Kähler cone.
Nevertheless this 'negative' observation can be used to construct examples of many non-holomorphic Lefschetz pencils on Kähler surfaces as follows. Consider a ball quotient X with p g > 0. It has a unique complex structure (hence the cohomology Kähler cone is of lower dimension and does not even contain an open subset of the symplectic cone). Pick an integral symplectic structure whose class is outside the H 1,1 J subspace for the unique complex structure J. According to [15] , there is a Lefschetz pencil whose members are Poincaré dual to large integral multiples of [ω] . Such a Lefschetz pencil is not holomorphic since the members of a holomorphic pencil are holomorphic curves. [80] . This program seems to be very exciting and ties up with many aspects discussed in this survey.
